ABSTRACT This paper investigates the optimal design of hybrid automatic repeat request with incremental redundancy (HARQ-IR) over arbitrarily correlated Rician fading channels for goodput maximization. With practical consideration of both the channel time correlation and line-of-sight (LOS) links, theoretical analysis and optimal design of HARQ-IR become very challenging. To address them, asymptotic outage analysis is first carried out to not only gain meaningful insights but also facilitate the optimal design. With simple forms of asymptotic expressions derived, joint optimization of the transmission powers and rate aiming at goodput maximization under average total transmission power constraint is enabled and solved analytically. The optimal goodput is also derived in closed form, with which meaningful insights can then be extracted. Particularly, the scaling law of the optimal goodput with respect to the transmit signal-to-noise ratio is found, and the harmfulness of time correlation and the benefit of LOS links are revealed. Finally, the analytical results are validated through extensive simulations.
I. INTRODUCTION
As an effective technique to enhance communications reliability, hybrid automatic repeat request (HARQ) has been adopted in almost all wireless communication systems. Recently various HARQ schemes operating over Rician fading channels have received increasing research interests typically in light-shadow fading environments (e.g., shopping complex, satellite/airplane-to-ground communications) because of the presence of strong dominant line-ofsight (LOS) component. It should be mentioned herein that Rician fading channels degenerate to Rayleigh fading channels when LOS component vanishes, and HARQ schemes over either correlated or independent Rayleigh fading channels have been vastly investigated in [1] and [2] . It was shown in [3] that ignoring the effect of LOS path would significantly overestimate the system performance and therefore yield misleading design guideline. Therefore, it is considerably necessary to study the performance of HARQ over Rician fading channels that is indispensable for the optimal design of HARQ systems. Pimentel and Siqueira [4] for example studied the error-detecting probability of Type I HARQ over Rician fading channels by using finite-state channel model, based on which the effects of various system parameters upon throughput performance were examined. It is well known from information theoretical aspect that the performance of Type I HARQ is equivalent to that of selection combining due to the same form of signal-to-noise ratio (SNR). Thus the analytical results in [5] and [6] also apply to Type-I HARQ over correlated Rician fading channels.
However, Rician fading channels are seldom considered into shaping the performance of HARQ schemes with chase combining (CC) and incremental redundancy (IR) due to the intractability of tackling the sum and the product of multiple shifted random variables, respectively. Nevertheless, since HARQ-CC is essentially the application of maximal ratio combining (MRC), the mathematical approach developed in [7] that analyzes the asymptotic performance of MRC over arbitrarily correlated Rician fading channels is also applicable to the analysis of HARQ-CC. Unfortunately, to the authors' best knowledge, no readily available method can be employed for the analysis of HARQ-IR over Rician fading channels except [8] . In [8] , the outage probability and throughput of HARQ-IR were derived by assuming quasistatic Rician fading channels, in which all HARQ rounds undergo a constant channel realization. This assumption simplifies the analysis of HARQ-IR owing to dealing with only a single random variable, but is certainly inapplicable to that of HARQ-IR over generalized Rician fading channels. To overcome this shortcoming, this paper focuses on the analysis and optimal design of the HARQ-IR over arbitrarily correlated Rician fading channels, which incorporate the impacts of both LOS component and channel time correlation. It consequently results in determining the distribution of the product of multiple shifted and correlated random variables, which challenges the mathematical derivation.
Inasmuch as outage probability is the most fundamental performance metric [9] - [12] , this paper seeks to perform asymptotic analysis of outage probability in high SNR regime in order to tackle the aforementioned challenge. The asymptotic outage probability is derived in a compact form, which not only produces useful insights into impacts of LOS path and time correlation, but also enables the goodput maximization with closed-form solution, where the goodput is another important performance metric to measure effective rate of HARQ [13] , [14] . Specifically, the goodput is maximized through jointly choosing the optimal transmit powers and rate while meeting the average total transmission power constraint. With decomposition theory, the goodput maximization problem is consequently simplified into a single variable optimization. This enables us to extract insights from the closed-form expression of the optimal goodput. Particularly the scaling law of the optimal goodput with respect to the transmit SNR is found. Additionally, it is proved that the presence of time correlation negatively affects the optimal goodput while the system performance of HARQ-IR can benefit from LOS path. Finally, numerical results verify our analysis and optimal design.
The rest of this paper is structured as follows. Section II introduces the system model. The asymptotic outage analysis is then conducted in Section III. Based on the asymptotic outage probability, the goodput maximization is enabled in Section IV. Numerical results are presented and discussed in Section V. Finally, conclusions are drawn in Section VI.
II. SYSTEM MODEL
According to HARQ-IR mechanism, each original information message is first encoded to a long codeword and then equally partitioned into K sub-codewords, where K denotes the maximum allowable number of transmissions. The K subcodewords will be delivered one by one until the destination succeeds in decoding the message. It is worth mentioning that code combining technique is employed at the destination for signal reception. Specifically, the erroneously received sub-codewords are combined with the currently received sub-codeword for joint decoding. Based on the success or the failure of the reception, a binary positive or negative acknowledgement message (ACK or NACK) will be fed back to inform the source.
Define x k as the kth sub-codeword. We assume a block fading channel which means that all the symbols of x k experience the same channel realization in the kth transmission. Accordingly, the signal received in the kth HARQ round is written as
where n k denotes a complex additive white Gaussian noise (AWGN) vector with zero mean and covariance matrix N 0 I. i.e. n k ∼ CN (0, N 0 I) and I represents an identity matrix; h k denotes the channel impulse response in the kth transmission. Unlike prior literature, both time correlation and LOS links are considered to accurately examine the performance of HARQ-IR when in light-shadow fading and slow-to-medium mobility environment [6] , and they would apparently affect the performance as well as the optimal design of HARQ-IR. To this end, the correlated Rician distribution established in [7] and [15] is herein adopted to model
More specifically, h K follows a multi-variate circularly-symmetric normal distribution whose expectation vector and covariance matrix are
respectively, where h L,K stands for the LOS components andh K = h K − h L,K represents the scattering components, the symbols (·) H and det(·) denote the operations of conjugate transpose and determinant, respectively. To reflect the strength of the LOS components relative to the scattering components, the Rician factor of the k-th
As reported in [7, eq. (2) ], the joint probability density function (PDF) of h K is given by
From (1), the received SNR in the kth HARQ round is obtained as
where P k is the transmit power in the kth HARQ round.
III. ASYMPTOTIC OUTAGE PROBABILITY
Outage probability is known as the most essential metric to evaluate the performance of HARQ systems [16] - [18] . By applying information-theoretic capacity achieving channel coding to HARQ-IR, an outage will be declared if the accumulated mutual information I K = K k=1 log 2 (1 + γ k ) is below the transmission rate R. More precisely, the outage probability of HARQ-IR after K HARQ rounds is given by
Its analysis consequently turns to determine the distribution of the product of multiple shifted SNRs. However, the time correlation among fading channels leads to correlated SNRs, which makes the derivation of p out,K challenging because of the involvement of multi-fold integral. More specifically, putting (3) into (4) gives rise to
where
and {z} denote the real and imaginary parts of complex number z, respectively. As opposed to [1] , [19] , and [20] in which either time-correlated Rayleigh or Nakagami-m fading channels are assumed for the outage analysis of HARQ-IR, the channel model in (2) accounts for the impacts of LOS link as well as time correlation, thus further impeding the mathematical derivation of p out,K . It is virtually impossible to obtain an exact expression for p out,K via the integral in (5). Instead, asymptotic outage analysis is conducted in the sequel to offer a compact and insightful expression for outage probability in high SNR regime.
Inspired by the asymptotic study in [7] and [21] , as the transmit SNR tends to infinity, i.e., (5) has arbitrarily small volume. Hence, we have
where the notation refers to ''asymptotically equal to''. Accordingly, (5) can be rewritten as
where p asy_out,K is the asymptotic outage probability under high SNR.
With the definitions of h K and dh K , the asymptotic outage probability p asy_out,K can be expressed as
Applying polar coordinates to (8) as {h k } = r k cos θ k and {h k } = r k sin θ k , p asy_out,K then can be derived as
By making the change of variables as (9) can be simplified as
By using [20, eq. (27) ] together with [22, eq. (30)], g K (R) can be expressed as
where g K (R) is an increasing and convex function of R.
Plugging (11) into (10) yields
where A, B and C clearly signify the influences of time correlation and LOS paths, transmission rate, and transmit powers,
g K (R) and φ 0 1 by convention. The simple expression of asymptotic outage probability not only uncovers insightful results but also facilitates the optimal design of HARQ-IR system over correlated Rician fading channels. VOLUME 6, 2018
IV. OPTIMAL DESIGN FOR GOODPUT MAXIMIZATION
Another widely concerned performance metric in evaluating the throughput of HARQ schemes is goodput [13] , [14] , [23] , which is defined as the product of transmission rate and successful probability, i.e., T g = R(1 − p out,K ). As proved in [13] , the goodput is equivalent to the average throughput of HARQ in asymptotic sense, namely high SNR or low outage. Hence, it is meaningful to take the goodput maximization as the objective for optimal design of HARQ-IR. Here we aim to achieve this objective through joint optimization of the transmission rate R and powers P 1 , · · · , P K . In practice, the total transmission power for each message delivery is usually limited and thus the power constraint, i.e., K k=1 P k p out,k−1 ≤ P T where P T refers to the maximum allowable average total transmit power, should be considered in the optimal design. The maximization of T g is therefore formulated as
For tractability, the asymptotic outage probability obtained in the last section is hereafter applied to derive the optimal solution to (13) in closed-form.
A. PROBLEM DECOMPOSITION
To enable the optimization, the special and compact form of p asy_out,K motivates us to decompose (13) into two subproblems, i.e., optimal power allocation and optimal rate selection, as illustrated below.
1) OPTIMAL POWER ALLOCATION
For any given transmission rate R, the transmit powers P 1 , · · · , P K can be optimized first as a function of the rate. It is clear from (13) that the powers are involved in the objective function through the outage probability. Then given a transmission rate R, the optimization problem in (13) is equivalent to
Notice that a problem similar to (14) has been studied in [24, eq. (11) ] and the asymptotic outage probability given by (12) takes a similar form as [24, eq. (12) ]. Thus the optimal solution obtained in [24] also applies to our problem (14) . Given R, the optimal transmit powers are expressed as [24, eq. (15) ]
By using the optimal transmit powers together with some tedious algebraic manipulations, p out,K is consequently expressed as
where ξ is independent of R and is explicitly given by
As expected, (17) is a decreasing function of P T , which eventually results in the increase of goodput.
2) OPTIMAL RATE SELECTION
After determining the optimal transmit powers, the second sub-problem is devoted to the optimal rate selection in order to maximize the goodput T g . Based on (13) and (17), the optimal rate selection is formulated as
Since (19) is a single-variable optimization problem, there are numerous optimization tools that can be used to solve (19) numerically. But it is impossible to derive the optimal rate in closed-form due to the complex form of the objective function, which hinders us from extracting meaningful insights.
Here we resort to effective approximation of the goodput using certain lower or upper bound for problem relaxation so that closed-form solution is enabled. To this end, we utilize the following tight inequalities as
and interested readers are referred to [23] for the detailed proof.
Taking the first inequality of (20) as an example, it yields a lower bound of the goodput. To be more specific, by applying the first inequality of (20) to the terms
the goodput is then lower bounded as
−1 and T L (R) denotes the lower bound of the goodput. By replacing T g in (19) with the lower bound T L (R), the optimization problem is relaxed as
Taking the first order derivative of T L (R) with respect to R and then setting it equal to zero give the optimal transmission rate, such thatR *
L (·) denotes the inverse function of ψ L (R). In other words, (23) means that the optimal rate is the zero point of ψ L (R). It is worth mentioning that the zero point ψ −1
Similarly, with the second inequality of (20), an upper bound of the goodput can be obtained as
, where
Following the same approach as (22) and (23), the corresponding optimal rate can be derived asR
L andR * U , the corresponding lower and upper bounds of the optimal goodput are given by T L (R * L ) and T U (R * U ), respectively. Clearly, the original two inequalities in (20) imply that the optimal goodput T * g can be bounded as
B. DISCUSSIONS Even though Section IV-A has provided an analytical approach to obtain the optimal transmit powers and rate, the expression of the approximated optimal rate, i.e.,R * a and a ∈ {L, U }, is still very cumbersome and therefore impedes the extraction of meaningful insights for the optimal goodput. To this end, the asymptotic analysis of the optimal goodput is conducted in the sequel. Fortunately, by using the asymptotic property ofR * a in the following lemma, the asymptotic analysis of the optimal goodput can be enabled. 
where ϑ = 
and I dominates the impacts of time correlation and LOS links. Proof: Please see Appendix B. This theorem not only reveals the slope of T a R * a with respect to the transmit SNR P T N 0 but also exhibits the effects of time correlation and LOS path, as concluded in the following two remarks.
It follows from (24) that
Substituting (26) into (29), then applying squeeze theorem to it leads to
Accordingly, the scaling law with regard to the optimal goodput is found in the following remark. Moreover, the second term I on the right hand side of (26) dominates the impacts of time correlation and LOS links. Clearly, the impacts of correlation matrix C K and LOS channel coefficients h L,K on the optimal goodput are heavily coupled, which complicates the analysis. This obliges us to investigate these two impacts separately. Hence, in the following remark, the impact of time correlation is studied by assuming no LOS links, and the impact of LOS links is then discussed in the absence of channel correlation.
Remark 2: Time correlation has a detrimental impact on the optimal goodput, while the optimal goodput can benefit from LOS paths.
Proof: Please see Appendix C.
V. NUMERICAL RESULTS AND DISCUSSIONS
To demonstrate the analytical results, numerical analysis is conducted in this section. In the following discusssions, Rician factors are set as K 1 = · · · = K K = 0.5, and constant correlation model is adopted for
A. VERIFICATION
In Fig. 1 , the outage probability is plotted versus the transmit SNR by setting R = 4bps/Hz and P 1 = · · · = P K . It can be seen that there is a perfect agreement between the simulation results and the asymptotic results in high SNR regime, thus the validation of the asymptotic analysis in Section III is confirmed. Since the diversity order is equal to the slope of the outage curve against SNR on a log-log scale, Fig. 1 verifies that the diversity order is independent of time correlation. This is indeed consistent with the observation on (12) that diversity order is equal to K . Fig. 2 depicts the optimal goodput against the ratio of the total average transmit power to the noise power 'Lower', 'Upper', 'Approx.' and 'Asy.
and (26), respectively. Clearly from Fig. 2 , the analytical results agree with the exact results very well. Moreover, it is observed that the slope of the optimal goodput versus P T N 0 is irrelative to time correlation ρ, which demonstrates the correctness of Remark 1.
B. COMPARISON WITH UNIFORM POWER ALLOCATION AND RATE SELECTION
Herein, in order to highlight the superior performance of the proposed optimization strategy, the goodput maximization via the strategy of uniform power allocation jointly with rate selection is included as a benchmark for comparison. The key difference between the proposed strategy and the benchmark strategy lies in the assumption of transmit powers allocated in each HARQ round, that is, the benchmark strategy assumes the same transmit power in each HARQ round, i.e., P 1 = · · · = P K . Fig. 3 compares their performance in terms of the optimal goodput under two different ρ. It is readily found that the proposed strategy leads to notable gains over the benchmark one especially under high SNR. In addition, it is worth noticing that the benchmark strategy provides the same optimal goodput irrespective of time correlation ρ under high SNR, which is totally different from the proposed strategy. This phenomenon further stresses that the proposed strategy can exploit the statistical channel state information (time correlation ρ) to enhance the goodput. This is not beyond expectation which can be explained as follows. Provided high transmit SNR, i.e.,
, the optimization problem through benchmark strategy can be relaxed to
Clearly, (31) is independent of ρ, which consequently yields the same optimal goodput even for different ρ.
C. IMPACTS OF TIME CORRELATION AND LOS LINKS
The asymptotic outage expression enables the investigation of impacts of time correlation and LOS links on goodput maximization. More specifically, Fig. 4 displays the impact of time correlation by setting K = 4 and
Negative impact of time correlation can be found no matter under constant correlation model (labeled as 'Constant') or under exponential correlation model (labeled as 'Exponential'), which justifies Remark 2. Herein, under exponential correlation model, λ k in ( (39)) is assigned with
Furthermore, it can also be seen that the exponential correlation model yields higher optimal goodput than the constant correlation model due to the fact that the time correlation in exponential correlation model decays much faster than that in constant correlation model. In Fig. 5 , the effect of LOS links is examined for two different ρ by setting K = 4,
It is found that the optimal goodput is proportional to the Rician factor K 1 , which is consistent with (41) in the proof of Remark 2. Moreover, it can be observed that the slope of the optimal goodput versus K 1 becomes gentle as ρ increases.
VI. CONCLUSION
The asymptotic outage probability of HARQ-IR over arbitrarily correlated Rician fading channels has been derived in closed-form. The simple form of asymptotic outage expression not only has provided useful insights into impacts of time correlation and LOS links, but also has enabled the optimal system design to realize various objectives. Specifically, the goodput has been maximized via jointly optimizing the transmit powers and rate under an average total transmit power constraint. With decomposition theory, the problem of goodput maximization has been equivalently converted into a single variable optimization problem. This conversion has enabled us to gain insightful results by conducting asymptotic analysis of the optimal goodput. For instance, the scaling law of the optimal goodput with respect to the transmit SNR has been found. Moreover, the adverse impact of time correlation has been revealed and the presence of LOS links has been proved to be beneficial to the system performance.
APPENDIX A PROOF OF LEMMA 1
It is readily found thatR * a is an increasing function of P T . Under high allowable total average transmit power P T , the transmit rate is expected to be very large, i.e., R 1. Accordingly, ψ a (R) can be approximated by using 2
By using binomial approximation as (R + ϑ)
Setting the right hand side of (33) equal to zero produces an approximation ofR * a , such that
Rearranging (34) yields
Clearly from (35), the solution can be expressed in terms of lambert-W function as (25) . Moreover, it is not hard to find that all the above approximations provide a lower bound ofR * a . The proof is finally completed.
APPENDIX B PROOF OF THEOREM 1
From (25), the optimal transmission rate can be rewritten as
where ς a is given by (28) . As (37) Therefore, T a R * a can be approximated as
where the second equality holds by means of the explicit expression of ζ a and (37), and the symbol O denotes the big O notation. Plugging (37) into (38) together with some algebraic manipulations, (26) directly follows.
APPENDIX C PROOF OF REMARK 2 A. IMPACT OF TIME CORRELATION
To draw a general conclusion, the impact of time correlation is examined by assuming a widely used correlation model [26] - [28] , where the correlation matrix is given by
and 0 ≤ λ i , λ j ≤ 1 for any i = j. By assuming no LOS links, the impact of time correlation can be quantified as With this result, I c is eventually found to be a decreasing function of λ. The negative impact of time correlation is thus evidenced.
B. IMPACT OF LOS LINKS
By assuming no correlation, i.e., C K = I , the influence of LOS links on the optimal gooput can be quantified as
Obviously, I LOS is an increasing function of |h L,k |, which demonstrates that LOS links are favorable for the optimal goodput. Finally, we complete the proof.
